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Introduction

o Topological field theories

o A/B models witen ss
o Chern-Simons theory
o Dirac Sigma model ikotoy, schatir, strobi ‘04]
o Quantum matter
e BV qunatization for topological field theories by AKSZ construction

[AKSZ '95]
o Requires the QP-structure on the target
o Presence of the Wess-Zumino term breaks the QP-structure

e How to construct BV action for topological field theories that do not
allow QP-structure?
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Twisted Poisson Sigma Model

Twisted Poisson Sigma model is a 2-dimensional topological sigma model with the action:

[Ikeda '93] [Schaller, Strobl '94] [Klimcik, Strobl '02]
S= / (A,- A dX+ %HU(X)A,- A Aj) + / X*Hs,
pavy X3

where X : ¥ -+ M and A € QI(ZQ7X* T"M).
The target space M forms a twisted Poisson manifold:

[N,N] = 2(x°N, Hs), dH; = 0.
Gauge transformations:
X' = M,
SA. = d jk 1 k km
i = ei — Ol EjAk -+ EI'I H,'klej(dX — 11 Am) .
Equations of motion:
F' = dxX'—nYA; =0,
1 i 1 i
G = dA+ Ea,-anA,- A A+ 5 Hige dXI A dX* =0
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Twisted R-Poisson Sigma Models

Topological sigma model in p + 1 dimensions formed as a generalization of the Poisson
sigma model:

[Chatzistavrakidis '21]

S = / (z,-/\ dX'— A A dY +NI(X)Z A A — %akl'l"j(X)Y" A AN A+
Tpi1
1 ., *
+WR1 p+1(X)Ajl/\.../\Aip+1)+/; X Hp+2,

p+2

where A € Q'(Xp41, X T*M), ¥ € Q7 (Tpi, X T M), Z € Q(Tpi, X" T"M).
Target space M forms a twisted R-Poisson structure:

[n,n=o, [N, R] = (1) (®@""?N, H), dHp12 =0
Equations of motion:
Fro= dX'+na;,
G = dA+ %a,-nka,- A Ax,
Fo= Ay 4.,
Gi (—1)P"1dz + ...
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Gauge transformations with 3 gauge parameters ¢, x, ¥:

oxX' = —nig,
bA; = de — Ol ¢AL,

i — i ij ij 1 ijky...kp_—
oY = (1P 7ty — iy — ani(x A + Ykej)+WR’kl ol Ak - Ay
0Z; = (1P + oV (Ziew + i Ac) — 9,01 (YjAkEI - %AkA/xj> +

—1)P k.. .k
+% f;-‘ll pEjAkl...Akp-i-
p p+1
m ks kel
(pH),nJ Hims o Y (1 ( >HF H na,,
r=1 t=r+1

where:

J1--dpr1 J1---dp+1 Jiedpr1 J1---dp+1 1 k1 p+1kp+1
f; = O;R" /P + H, = O;R" P 411 o PP H -kpy1
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QP-manifolds

Q-manifold: graded differential manifold with a cohomological vector field Q of degree 1
P-manifold: graded differential manifold equipped with a graded symplectic form w

Twisted R-Poisson manifolds are both Q-manifolds and P-manifolds:

) 1 . ) I
Q = I'I”aja- — §8X,~I'I’kajak63,. + <(—1)p|_|ﬂ2j — 6jl'l'kakyJ + ERUI"JPQA L. ajp> ayi +

jk (=1)* K j (-1)" k..
+ (8,-I'I’ axzj — Ta;ajﬂ y’aka, + (p+ 1)! f; ! "“akl e Akpin 82,-

w = dx'A dz; + dai A dyi

QP-manifold: Q-manifold equipped with a symplectic form w that satisfies the
compatibility condition with the @ vector:

Low=0.

But for twisted R-Poisson manifold this is satisfied only if H = 0.
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BV construction

General procedure:
o Enlarge the field content of the theory by ghost fields (and ghosts for ghosts).

@ Introduce antifields for all the fields and ghosts such that the sum of ghost degrees
of the field and its antifield is -1.

Define a symplectic structure on the space of fields and antifields that defines the
antibracket (-, -).

Construct the BV action Sgy such that it satisfies the classical master equation
(Ssv, Sev) = 0 and it reduces to the classical action So when all the antifields are
set to 0.

Field/ghost/antifield content for 3-dimensional twisted R-Poisson sigma model:

Field X TA|LY | Z e | X | ¥ | ¥
Form degree | 0 1 1 2100 1]0
Ghost degree | 0 0 0 011 1 2

Field XU A YL ZE | e | x| o | ol
Form degree 3 2 2 1 3 3 2
Ghost degree | -1 | -1 | -1 | -1 | -2 | -2 | -2 | -3
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Construction of the BV action

There are several methods that can be used to construct the BV action:
o AKSZ procedure, but it works only for the QP-manifolds.
o Expand the BV action by the number of antifields:

Sev =50+ S1+S+...,

and solve the classical master equation order by order. fikeda, strobl '19]

o Construct the BV operator s = (Sgv, -) instead of the BV action directly.

The BV operator needs to satisfiy 2 properties:
o It is nilpotent (s> = 0).
@ When antifields are set to 0, it reduces to the BRST operator sp.
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BRST operator

The action of the BRST operator on the fields from classical theory follows from gauge
transformations:

soX'
SoA,'
soY’
SOZ,'

~N’¢;,
de,- — ainjkqu ,
—dx' — N7 — aNI(AX" + YY) + R¥ ¢ A,

dl/}i + 8,-I'Ijk(Ajwk — E_,'Zk) — 8,'8/|_|jk (EjAk YI — %AjAkXI) +

1 1
*f-jkIEjAkA/ + =

. 1 .
+2 i 2H,'/Jk5jAkF/ + *Hl-k/JEJ'FkFI

6

Its action on the ghosts follows partly from the AKSZ construction and partly from the
requirment that the BRST has to be nilpotent on-shell:

So€j
i
SoX
S0t

Soi

1 .
—Eairljkqa(,
—akl'l'jejxk — I_Iij% — %R'jkej—ek ,

Lo~ 1 . - 1 ..
—(9,'|_|Ik€j’lbk — 58,-8,I'Ifkejeksx’—gf-f“qeke, y

i

~ _ ~ . 1 1 .
d’(/}i + 8,'|_|Jk(—€j’¢)k =+ Aj’l/)k) — 8,-8,I'I’" <6jAkXI + —€j€k Y/> —0—5 f,.jklejekA/ .

2
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Construction of the BV operator

When the s3 acts on the fields, it gives terms that contain EOM (so that it vanishes
on-shell).

Then we construct operator s; that is equal to sp + the terms that contain antifields
which would cancel EOM terms in sz. This can easily be done because:

sZiD>—F',  sY'>gG, sAL D F, sX" D £,
sxi D AY;", syl D dZi,  spl D dyl, s DX
For example:
s§A,- = —%8;8,FljkqekF',
_ 1 ik I
51A; = s0A; — 53,‘3/“ 6j6k2+ .

This refinement is repeated until a nilpotent operator s is constructed.
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Nontrivial refinements of the fields:

EA,- = SoAi — %aialﬂjkqekzi 5
~i i i~ i 1 i
sY' = sY 4+ oy zi + 8k(9/|_|"’ejkaJ/r+ia/Rykejeijr ,
~ K 7o 1 Jk Iom | Lo m
S’(/),‘ = 501/),' + 0,0, ejwkZ+ e 58;8,8,,,[1 €j€kX Z+ +4 6amf; €j€k6/Z+
~ ; ~ w (1 ~ ~
$Z = sZ — oYy — 99" (Ee,-ekAg — g ZL + Ak Z + Y — eﬂ/wg)
i 1 m m 1 -~ m 1 m
+0;0Om TV <§€j€k Y/Z+ + 6jAkXIZ+ - Eeﬂl)kZiL + qukx'w) -
1 i mon L1, 1 ; m
*Zafa/amannjkq&kxlz_*_ Z_*_*Efijklﬁjek Y,Jr — EamﬁjkIEjekA/Z+ —+

1. 1 :
+66mﬁ“e,eke,wr—gamanf,f”ejeke,zrﬂ +...

This operator is now nilpotent/cohomological and in the zero antifield limit becomes the
BRST operator.

But does there exist the BV action Sgv such that s = (Sgv,-)?
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Another refinement

All extra refinements include equations of motion.

Some refinements are not allowed beacuse:
@ Form and ghost degrees wouldn't match properly.
@ They would spoil 0-antifield limit.

@ There is no way for the extra terms to produce a nilpotent operator.

In addition, some refinements are dependent at the end only one independent possibility
remain: refinement of st by a eeF term.

With this new terms, the previously described refinement has to be carried out again,
finally producing the desired BV operator s.
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Nontrivial refinements:

. 1 1 .
Swl = ... +ZH’./Jk6jEkFI + éa(mﬁj)klejekﬂzr
) 1 1
Y= s (8,/?”" ¥ 5H,'fk) cenZ!
i (1 m 1 m) 1 g L T
sZi = ...+ 8(,-fm) <6€j€k6/¢+ — EEijAIZ+) —5 (O;R + EHI- ) GjekYI _

1 ji m 1 j 1 i m —n
—68(,Hm),fkqekF’Z+ — (Ea(manf,f)“ + ga(manﬂij,)pk/) ejexerZy Z7
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Conclusion

o WZ terms break QP-structure and the AKSZ procedure cannot be used.

@ The construction of the BV action has to be done in a different way and it is
possible to do so by constructing the BV operator.

Outlook:

o Formulating a systematic procedure of constructing BV actions for topological field
theories without the QP-structure.

@ Construction of the quantum BV action.
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Thank you for your attention!
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